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Abstract
In this paper we use a constructive approach based on gauge invariant description
of massive high spin particles for investigation of possible interactions of massive spin
2 particle. We work with general case of massive spin 2 particle living in constant
curvature (A)dSd background, which allows us carefully consider all flat space, massless
or partially massless limits. In the linear approximation (cubic terms with no more than
two derivatives in the Lagrangians and linear terms with no more than one derivative in
gauge transformations) we investigate possible self-interaction, interaction with matter
(i.e. spin 0, 1 and 1/2 particles) and interaction with gravity.
∗E-mail address: yurii.zinoviev@ihep.ru
Introduction
In all investigations of massless particles interactions gauge invariance plays a crucial role.
Not only it determines a kinematic structure of free theory and guarantees a right number
of physical degrees of freedom, but also to a large extent fixes possible interactions of such
particles. This leads, in particular, to formulation of so called constructive approach for
investigation of massless particles models [1, 2, 3, 4, 5]. In such approach, starting with
appropriate collection of free massless particles and requiring conservation of (modified)
gauge invariance in the process of switching on an interaction, one can consistently reproduce
such physically important theories as Yang-Mills, gravity and supergravity.
Usual description of massive particles does not include gauge invariance and it is hard
to formulate one simple principle for constructing consistent theories with such particles.
A lot of different requirements, such as conservation of right number of physical degrees
of freedom, smooth massless limit, tree level unitarity and causality, was used in the past
[6, 7, 8, 9, 10, 11, 12, 13].
There exist two classes of consistent models for massive high spin particles, namely, for
massive non-abelian spin 1 particles and for massive spin 3/2 ones. In both cases masses of
gauge fields appear as a result of spontaneous gauge symmetry breaking. One of the main
ingredients of this mechanism is the appearance of Goldstone particles with non-homogeneous
gauge transformations. This, in turn, leads to the gauge invariant description of such massive
spin 1 and spin 3/2 particles. But such gauge invariant description of massive particles could
be constructed for higher spins as well, e.g. [14, 15, 16, 17, 18, 19, 20, 21, 22, 23] This allows
one to extend the above mentioned constructive approach to the case of massive high spin
particles.
In the first section of our paper we give two simple examples of such constructive
approach. One of them deals with triplet of massive spin 1 particles with gauge group
SU(2) ≃ O(3). We show that constructive approach allows one to reproduce two well known
possibilities: one based on the non-linear σ-model [24], and, with the help of introduction of
additional scalar field, usual model of spontaneous symmetry breaking with the doublet of
Higgs fields. Another example devoted to electromagnetic interaction for massive spin 3/2
particle [9, 10]. In the first linear approximation (i.e. cubic terms in the Lagrangian and
linear terms in the gauge transformations) we construct the most general gauge invariant
Lagrangian. Our results unambiguously show that any model with minimal gauge interac-
tion of massive spin 3/2 particle in flat space must be a part of some (spontaneously broken)
supergravity theory.
Main part of our paper devoted to massive spin 2 particle interactions. It is an old but
still unsolved problem and the main difficulty is connected with the so called sixth degree
of freedom [25]. Indeed, for the free particle it is easy to choose a structure of mass terms
so that there are exactly five degrees of freedom in the model. But in the interacting theory
this dangerous (because it is a ghost) sixth degree of freedom reappear. Note that it is, in
principle, possible that in the full non-linear theory this DoF become physical [26, 27], but in
what follows we will not consider such possibility. One more difficulty that appears in such
theories is the absence of smooth massless limit [28, 29]. Moreover, when one considers such
theory in a background space with non-zero cosmological term (de Sitter or anti de Sitter
spaces) one faces an ambiguity between flat space and massless limits [30, 31, 32].
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Here we use constructive approach based on the gauge invariant description of massive
particles for the investigation of possible massive spin 2 interactions. It turns out that
some results depends on the dimensionality of space-time as well as on the presence (or
absence) of cosmological term. So we start in section 2 with the gauge invariant formulation
of free massive spin 2 particle in the space-time of arbitrary d > 2 dimension with non-
zero cosmological term, that could be positive or negative. This includes, in particular, the
so called partially massless spin 2 particle, which could exist in the de Sitter space only
[33, 34, 35, 16, 36].
Then, in section 3 we consider possible self-interaction of such particles in linear approx-
imation. We will not make any suggestion about gauge algebra which could stand behind
such theory nor we will not insist on any possible geometrical interpretation. Instead, we
use a ”brute force” method for our construction. Namely, we write the most general Lorentz
invariant cubic vertexes in the Lagrangian as well as the most general ansatz for gauge trans-
formations linear in fields and require that the Lagrangian will be gauge invariant. The only
restriction (besides Lorentz invariance) we impose is the restriction on the number of deriva-
tives. In this paper we consider only interactions with no more than two derivatives (and
gauge transformations with no more than one derivative) leaving investigation of possible
higher derivatives interactions for the future.
Clearly, the existence of linear approximation does not guarantee that the construction of
full non-linear theory is possible because obstruction can appear in the next approximations.
Nevertheless, the investigation of linear approximation is a very important step, because
structure of this approximation (and its whole existence) does not depend on the presence
of any other field in the theory. Only in the next quadratic approximation one faces the
problem that the closure of gauge algebra requires the presence of right (finite or infinite)
collection of fields. Thus, the results obtained in our paper are essentially model independent
(up to restriction on the number of derivatives).
For the generic values of mass and cosmological constant the linear approximation for
self-interaction exists in any space-time dimension d ≥ 3, but for partially massless spin
2 particle it exists in d = 4 dimensions only. This clearly related with the fact that only
in d = 4 partially massless theories are conformally invariant [37]. One of the non-trivial
results is that the structure of gauge transformations for Goldstone field Aµ turns out to be
non-canonical, so if one tries to interpret (as usual in gravity) the ξµ gauge transformations
as general coordinate ones, then this field should give some non-linear realization of this
transformations. One more non-trivial result is that two gauge transformations — vector
ξµ and scalar λ ones, do not commute when the mass m 6= 0 forming an algebra similar to
Weyl one.
In the next section we consider possible cubic couplings of massive spin two particles
with matter. Namely, we consider interaction with (massive or massless) spin 0, spin 1 and
spin 1/2 particles. In all cases (except massless spin 1 in d = 4) our results show an am-
biguity between flat and massless limits, which shows itself through non-trivial dependence
of coupling constant for scalar Goldstone field ϕ and matter fields interactions on mass and
cosmological constant. As a result, partially massless spin 2 particle can interact with mat-
ter having traceless energy-momentum tensor only, the most important example being the
coupling of partially massless spin 2 with massless spin 1.
Our last section deals with possible interactions for massive spin 2 particles with gravity.
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As is well known, it is impossible to construct non-trivial consistent interacting theory for
collection of massless spin 2 particles [38, 39, 40, 41, 42], but it still leaves the possibility
to construct non-trivial interaction of gravity with (one or many) massive spin 2 particles.
Indeed, such possibility attend much interest recently in very different contexts. First of all,
we show that it is impossible to construct cubic vertex with two massless and one massive
spin 2 particles while vertex with two massive and one massless ones does exist. Moreover, it
is easy to construct general covariant vertex with two massive fields and arbitrary number of
massless gravitons. As for the interaction of partially massless spin 2 particles with gravity,
no restrictions on the space-time dimension arise in this approximation.
1 Toy models
In this section we present two simple examples of constructive approach to massive high
spin particles interactions. First one deals with the triplet of massive spin 1 particles, while
second one devoted to possible gauge interactions for massive spin 3/2 particle. Results
of this section where already known before, but it is instructive to see how they can be
reproduced using gauge invariant formulation alone.
1.1 Spin 1
In this subsection we illustrate our approach by the simplest non-abelian SU(2) ∼ O(3)
gauge theory with triplet of vector fields Aµ
a, a = 1, 2, 3. It is well known that with the help
of triplet scalar Goldstone fields ϕa one can easily construct gauge invariant description of
free massive particles. In this, the Lagrangian and gauge transformations look like:
L0 = −1
4
(Aµν
a)2 +
m2
2
(Aµ
a)2 −mAµa∂µϕa + 1
2
(∂µϕ
a)2
δ0Aµ
a = ∂µξ
a, δ0ϕ
a = mξa (1)
Now, if we switch on usual non-abelian gauge interaction:
Aµν
a = ∂µAν
a − gεabcAµbAνc − (µ↔ ν)
δ0Aµ
a = ∂µξ
a − gεabcAµbξc (2)
then the Lagrangian will not be gauge invariant any more:
δ0L0 = −gmεabcAµa∂µϕbξc (3)
but at the linear approximation the gauge invariance could be easily restored with additional
vertex in the Lagrangian and appropriate corrections to gauge transformations:
L1 = a1εabcAµaϕb∂µϕc, δ1ϕa = g1εabcϕbξc (4)
provided a1 = −g/2, g1 = −g/2!. Note, that non-canonical value g/2 in the gauge trans-
formations of scalar fields ϕa shows that these fields do not transform under linear triplet
representation of gauge group. As we already mentioned in the introduction, this first step
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does not depend on the presence of any other fields in the model. Now we can proceed in at
least two different ways. At first, we can evade introduction of any additional fields and go
on by introducing into the Lagrangian terms of the type Aµϕ
2∂µϕ, ϕ
2(∂µϕ)
2 and so on. It
would lead us to the essentially non-linear theory with the Lagrangian [24]:
L = −1
4
(Aµν
a)2 +
m2
2
(Aµ
a)2 −mAµaEak(ϕ)∂µϕk + 1
2
gkl(ϕ)∂µϕ
k∂µϕ
l (5)
and gauge transformations for scalar fields:
δϕk = m(E−1)kaξa (6)
where gkl = EakEal. This Lagrangian will be gauge invariant provided the ”triad” Eak
satisfy the equation
∂Eak
∂ϕl
− ∂E
al
∂ϕk
= gεabcEbkEcl (7)
It is easy to check that non-canonical value g/2 in the linear approximation for the ϕa gauge
transformations is a direct consequence of this equation.
But there is another way. We can introduce one more scalar field χ and try to stop
iterations at some order. And indeed, if we add to the Lagrangian of linear approximation
all possible cubic and quartic terms with new field:
L2 = 1
2
(∂µχ)
2 + a2χ(∂A)
aϕa + a3χAµ
a∂µϕ
a + a4mχ(Aµ
a)2 + a5(Aµ
a)2ϕ2 + a6χ
2(Aµ
a)2 (8)
as well as appropriate corrections to the gauge transformations:
δχ = g2(ϕξ), δ2ϕ
a = g3χξ
a (9)
we can obtain full gauge invariant theory, provided:
g2 = a2 =
g
2
, a3 = g, g3 = a4 = −g
2
, a5 = a6 =
g2
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Moreover, if we introduce shifted variable χ˜ = χ − 2m
g
, then total Lagrangian could be
rewritten in a familiar form:
L = −1
4
(Aµν
a)2 +
1
2
(∂µϕ
a)2 +
1
2
(∂µχ)
2 − g
2
εabcAµ
aϕb∂µϕ
c +
+
g
2
Aµ
a(χ˜∂µϕ
a − ∂µχ˜ϕa) + g
2
8
(Aµ
a)2(ϕ2 + χ˜2) (10)
Up to the arbitrary potential depending on the invariant combination ϕ2 + χ˜2 only this is
just the well known model for spontaneous gauge symmetry breaking through the Higgs
mechanism. In this, four scalar fields ϕa and χ are transformed under the linear doublet
representation of gauge group.
Note, that one more possibility arises when one consider systems with infinite number of
gauge fields such as so called Kaluza-Klein models e.g. [43, 44, 45, 46, 47, 48]. Indeed, let
us consider simplest example — five-dimensional Yang-Mills theory with gauge fields Aµ
a,
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where M = 0, 1, 2, 3, 5, and some non-abelian gauge algebra [ta, tb] = fabctc. Suppose now
that one dimension is a compact one, being a circle of radius R. From a four-dimensional
point of view, such fields represent combinations of vector and scalar ones: AM (xµ, x5) ⇒
Aµ(x, x5), ϕ(x, x5), which equivalent to infinite number of four-dimensional fields:
Aµ
a(xµ, x5) =
n=∞∑
n=−∞
Aµ(n)
a(x) exp(iMnx5)
ϕa(xµ, x5) =
n=∞∑
n=−∞
ϕ(n)
a(x) exp(iMnx5) (11)
where M ≃ 1
R
, A∗µ(n) = Aµ(−n) and similarly for ϕ. Performing integration on x5, one obtains
four-dimensional gauge theory with infinite dimensional gauge algebra:
[tn
a, tm
b] = fabctn+m
c
In this, gauge transformations of all fields have the form:
δAµ(n)
a = ∂µΛn
a + fabcΛk
bAµ(n−k)
c
δϕn
a = MnΛn
a + fabcΛk
bϕ(n−k)
c (12)
From the last line we see, that all the scalar fields, except ϕ0, have non-homogeneous trans-
formation laws and play the role of Goldstone fields. As a result, such model describes finite
number of massless vector Aµ0
a and scalar ϕ0
a fields and infinite tower of massive n 6= 0
vector fields. Introducing appropriate covariant derivatives for these fields:
Dµϕn
a = ∂µϕn
a − fabcAµ(k)bϕ(n−k)c −MnAµ(n)a
the total Lagrangian could be written in a compact form:
L =
n=∞∑
n=−∞
[−1
4
Aµν(n)
aAµν(−n)
a +
1
2
Dµϕn
aDµϕ−n
a]
More complicated examples, corresponding to partial breaking of initial gauge algebra, could
be found in [47].
1.2 Spin 3/2
Our second example devoted to the possible electromagnetic interactions for massive spin
3/2 particles [9, 10]. As is well known using two fields — vector-spinor Ψµ and spinor χ one
can construct gauge invariant formulation of massive spin 3/2 particle. So we start with the
sum of free massive spin 3/2 and massless spin 1 Lagrangians:
L0 = i
2
εµναβΨ¯µγ5γν∂αΨβ +
i
2
χ¯γµ∂µχ− 1
4
Aµν
2 −
−m
2
Ψ¯µσ
µνΨν + i
√
3
2
m(Ψ¯γ)χ−mχ¯χ (13)
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where gauge transformations leaving this Lagrangian invariant look like:
δ0Ψµ = ∂µη +
im
2
γµη, δ0χ =
√
3
2
mη, δAµ = ∂µλ (14)
Here η is a spinor parameter, while λ is a scalar. We prefer to work with Majorana spinors, so
in what follows all spinor objects Ψµ, χ and η will be considered as doublets of (anticommut-
ing) Majorana spinors. In this, minimal gauge interactions corresponds to the replacement
of ordinary partial derivatives by covariant ones:
∂µ ⇒ Dµ = ∂µ + qAµ, q =
(
0 e
−e 0
)
, q2 = −e2I (15)
As a result of such replacement, the Lagrangian lost its gauge invariance (just because
covariant derivatives do not commute):
δ0L0 = iΨ¯µqA˜µνγ5γνη, A˜µν = 1
2
εµναβAαβ (16)
So we try to restore gauge invariance by adding to the Lagrangian non-minimal terms linear
in gauge field-strength Aµν :
mL1 = 1
2
ψ¯µ
[
a1A
µν + a2γ5A˜
µν + a3g
µν(σA) + a4(A
µασα
ν + σµαAα
ν)
]
qΨµ +
+iΨ¯µ(a5A
µν + a6γ5A˜
µν)γνqχ+
a7
2
χ¯q(σA)χ (17)
as well as all possible linear terms for η-transformations for all three fields:
mδ1Ψµ = iq(α1Aµν + α2γ5A˜µν)γ
νη mδ1χ = qα3(σA)η
mδ1Aµ = α4(Ψ¯µqη) + iα5(χ¯γµqη) (18)
Straightforward calculations show that the gauge invariance could be restored (up to terms
quadratic in Aµν) provided all the unknown coefficients are expressed in terms of two pa-
rameters, say α1 and α3,
α2 = α1, α4 = 2α1, α5 = −2α3, a1 = −2α1,
a2 = 2α1. a3 = a4 = 0, a5 = a6 = −2α3, a7 = 2
√
2
3
α3
while this two parameters satisfy the relation:
2α1 − 4
√
3
2
α3 + 1 = 0 (19)
So we have one paramater family of Lagrangians. Now, if we calculate the commutator of
two η transformations on the vector field Aµ, we obtain:
[δ1, δ2]Aµ = −4ie2(α12 + 2α32)(η¯2γνη1)Aνµ (20)
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Due to relation on the parameters α1 and α3 it is impossible to set both parameters simul-
taneously equal to zero. This means that commutator of two η transformations always give
a translation and to proceed further on we must introduce graviton as well. So any model
with minimal gauge interaction for massive spin 3/2 particle in flat space must be a part
of some (spontaneously broken) supergravity theory. In this case all coupling constants are
related with gravitational one k ∼ 1
mpl
and we obtain usual for supergravity models relation
betwen spin 3/2 mass, Plank mass and gauge coupling constant m ∼ empl! Note in pass that
one more example of constructive approach, namely electromagnetic interactions for massive
spin 2 particles, could be found in [15].
2 Free massive spin 2
Our main starting point is the gauge invariant description of free massive spin 2 particle. As
we will see part of the results obtained crucially depend on the space-time dimension d and/or
the presence or absence of cosmological term. So in what follows we will work in space-time
with arbitrary d ≥ 3 dimension and with non-zero (positive or negative) cosmological term.
We denote metric of such space as gµν and appropriate covariant derivatives as Dµ. Till
the last section, where gµν will become dynamical, it is just fixed background metric. Our
convention for the commutator of two covariant derivatives is:
[Dµ, Dν ]vα = κ(gµαδν
β − δµβgνα)vβ (21)
where κ = − 2Λ
(d−1)(d−2)
, Λ — cosmological term.
One of the nice features of gauge invariant description is that it allows one to consider
general case of non-zero mass and cosmological term including all possible massless and par-
tially massless limits [16]. To describe the massive spin 2 particle in d-dimensional constant
curvature space we will use the following Lagrangian:
L0 = 1
2
DαhµνDαhµν − 1
2
DαhµνDµhνα − 1
2
(Dh)µ(Dh)µ + (Dh)
µDµh− 1
2
DµhDµh−
−1
2
(DµAν −DνAµ)2 + 2(d− 1)
d− 2 (Dµϕ)
2 + 2m(hµνDµAν − h(DA))−
−4(d− 1)c0
d− 2 A
µDµϕ− m
2 + κ(d− 2)
2
(hµνhµν − h2)−
−2(d− 1)mc0
d− 2 hϕ +
2d(d− 1)m2
(d− 2)2 ϕ
2 + 2κ(d− 1)Aµ2 (22)
where c0 =
√
m2 + κ(d− 2). Here symmetric tensor hµν is the main gauge field, while
vector Aµ and scalar ϕ are Goldstone fields necessary for gauge invariance. To simplify the
calculations we have chosen non-canonical normalization for kinetic terms of these fields.
Also note that there is an ambiguity in the structure of kinetic terms for the hµν field.
Indeed, in flat space (where derivatives commute) the second and third terms in the first line
differ by total divergence only. But in spaces with non-zero cosmological term they lead to
slightly different structure of mass-like terms and the choice we made gives the most simple
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and convenient structure of these terms. It is not hard to check that this Lagrangian is
invariant under the following local gauge transformations:
δ0hµν = Dµξν +Dνξµ +
2m
d− 2gµνλ
δ0Aµ = Dµλ+mξµ δ0ϕ = c0λ (23)
Let us note, that these and all subsequent results depend crucially on use of canonical
description of massless spin 2 particles. As is known [49], there exists alternative possibility
based on traceless symmetric tensor (or on additional Weyl symmetry). Canonical analy-
sis shows that right number of physical degrees of freedom in this case is achieved due to
combination of first and second class constraints. So the relation between alternative and
canonical formulations is similar to that between, say, non gauge invariant and gauge in-
variant formulations of massive spin 1 particle. Indeed, additional scalar degree of freedom
(trace h in this case) promotes second class constraints to the first class ones. As we have
already note in the Introduction, it is hard to formulate constructive approach for theories
with second class constraints. Moreover, as it was shown in [49], any attempt to give mass
to graviton in such alternative formulation unavoidably leads to the appearance of ghosts.
Note also, that there exists a disagreement on the definition of mass in (A)dS space.
Indeed, even for the massless particles gauge invariance requires some “mass-like” terms in
the Lagrangians to be present and one often tries to interpret these terms as real mass.
Gauge invariant description of massive particles gives, above all, simple and unambiguous
definition of massless limit, namely it is a limit where Goldstone fields decouple from the
main gauge field.
Let us stress the important difference between massless and massive cases for spin 2 par-
ticle. In the massless case we have one gauge symmetry with vector parameter ξµ only, while
for non-zero mass we have two gauge symmetries with vector ξµ and scalar λ parameters and
only these two symmetries together could guarantee the right number of physical degrees of
freedom even after switching on an interaction. Thus, models based on the ξµ invariance
only like those based on OSP (4) symmetry [50] or models exploring λ transformations only
[51] always require additional checks for consistency. One more example is a BRST con-
struction of [52], where for massive spin 2 particles authors promote gauge transformations
with vector parameter only (and introduce vector Goldstone field uµ only). As a result, such
theory describes additional scalar degrees of freedom and all previous results point that it
must be ghost. At the same time, BRST construction for pure massive spin 2 particle does
exist [18], but requires additional scalar gauge transformations and scalar Goldstone field.
Note also that if one introduces gauge invariant under the λ transformations derivatives:
∇µhαβ = Dµhαβ − 2m
d− 2Aµηαβ , ∇µϕ = Dµϕ− c0Aµ (24)
then the Lagrangian could be rewritten in more simple form:
L0 = 1
2
∇αhµν∇αhµν − 1
2
∇αhµν∇µhνα − 1
2
(∇h)µ(∇h)µ + (∇h)µ∇µh−
−1
2
∇µh∇µh− 1
2
(DµAν −DνAµ)2 + 2(d− 1)
d− 2 (∇µϕ)
2 −
−m
2 + κ(d− 2)
2
(hµνhµν − h2)− 2(d− 1)mc0
d− 2 hϕ+
2d(d− 1)m2
(d− 2)2 ϕ
2 (25)
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As could be easily seen from the formulas given above in the massless limit m → 0 the
Lagrangian breaks into two independent parts. One of them (for symmetric tensor hµν) gives
usual description of massless spin 2 particle in (A)dSd background, while the other one (with
vector Aµ and scalar ϕ fields) gives gauge invariant description of massive spin 1 particle
(or sum of massless spin 1 and spin 0 particles in a flat case). But in de Sitter space κ < 0
there exist one more special limit c0 → 0. In this, the scalar field ϕ completely decouples,
while pair hµν , Aµ corresponds to the so called partially massless spin 2 particle. Note that
one can use ξµ gauge transformation in order to set vector Aµ = 0. In this, the resulting
simple Lagrangian for hµν will still be invariant under the λ transformations, provided we
supplement it with restoring gauge Aµ = 0 transformation with ξµ = − 1mDµλ:
δhµν = − 1
m
(DµDν +DνDµ)λ+
2m
d− 2gµνλ (26)
We have explicitly checked that such gauge fixed Lagrangian is indeed invariant under this
transformation.
3 Self-interaction
In this section we consider self-interaction of such massive spin 2 particles in linear approxi-
mation. As we have already mentioned in the introduction, we will not make any suggestion
on the structure of gauge algebra which could stand behind this theory nor we will not in-
sist on any geometrical interpretation. Instead, we will construct the most general Lorentz
invariant cubic terms for the Lagrangian as well as the most general ansatz for gauge trans-
formations and require that the Lagrangian will be gauge invariant. As a result this section
will be the most technical part of the paper, but it is important to make sure that our results
are completely general.
Even for the massless particles in (A)dSd gauge invariance require introduction of mass-
like terms into the Lagrangian and appropriate corrections to gauge transformation laws so
that the structure of the theory resembles that of massive theory in flat space. Thus, working
with general case of massive particles in (A)dSd, it is convenient to organize the calculations
just by the number of derivatives. So we start here with the Lagrangian terms with two
derivatives and gauge transformations with one derivative and analyze all possible vertexes
compatible with gauge invariance up to the lower derivatives terms.
hhh-vertex. In this case the most general ansatz for gauge transformations linear in
h-field and containing one derivative looks as follows:
δhµν = c1ξ
αDαhµν + c2((Dh)µξν + (Dh)νξµ) + c3gµν(Dh)αξ
α +
+ c4gµνDαhξ
α + c5(Dµhνα +Dνhµα)ξ
α + c6(Dµhξν +Dνhξµ) +
+ c7(hαµDνξ
α + hναDµξ
α) + c8h(Dµξν +Dνξµ) + c9hµν(Dξ) +
+ c10(hµ
αDαξν + hν
αDαξµ) + c11gµνh
αβDαξβ + c12gµνh(Dξ)
But due to gauge invariance of free Lagrangian the structure of this transformations could
be defined only up to arbitrary field dependent gauge transformations (or in other words up
to possible redefinitions of ξµ parameter) which in this case have the form:
δhµν = d1[Dµ(hναξ
α) +Dν(hµαξ
α)] + d2[Dµ(hξν) +Dν(hξµ)]
9
Moreover, as in all theories where interacting Lagrangian contains the same number of deriva-
tives as the free one, there always exists a family of physically equivalent Lagrangians related
by trivial field redefinitions. In the case at hands, we have a possibility to make such redefi-
nition with four arbitrary parameters:
hµν ⇒ hµν + s1hµαhαν + s2hhµν + s3gµνhαβ2 + s4gµνh2
We use all these freedom to bring the gauge transformations to the following more simple
form:
δhµν = c1ξ
αDαhµν + c2((Dh)µξν + (Dh)νξµ) + c3gµν(Dh)αξ
α +
+ c4gµνDαhξ
α + c7(hαµDνξ
α + hναDµξ
α) + c9hµν(Dξ)
At last, we require that the algebra of these transformations be closed, i.e.
[δ(ξ1), δ(ξ2)] = δ(ξ3)
Simple calculations immediately give c2 = c3 = c4 = c9 = 0 and c7 = c1. In the massless case
the only remaining parameter c1 corresponds to gravitational coupling constant k ∼ 1/mpl.
In what follows, we set c1 = 2. Thus, we obtain a very simple final form for these gauge
transformations:
δhµν = 2[ξ
αDαhµν +Dµξ
αhαν +Dνξ
αhαµ] (27)
In this,
ξ3µ = ξ2
αDαξ1µ − ξ1αDαξ2µ
Certainly, these transformations look exactly like general coordinate transformations for
covariant second rank symmetric tensor, but let us stress that in our case these are just gauge
transformations for spin 2 field living in fixed (A)dSd background. Recall also, that concrete
form of these transformations (i.e. that of covariant tensor and not that of contravariant
one or tensor density) is just a matter of our choice. This and all our results that follows
are always defined up to possible field redefinitions of the type shown above.
Now we construct the most general Lorentz invariant cubic terms with two derivatives:
Lhhh = hµν [a1Dµhνα(Dh)α + a2DµhναDαh+ a3DµhαβDνhαβ + a4DµhDνh+
+ a5Dµh
αβDνhαβ + a6Dµh(Dh)ν + a7Dαhµν(Dh)
α + a8DαhµνDαh+
+ a9DαhβµD
βhαν + a10DαhβµD
αhβν + a11(Dh)µ(Dh)ν ] + h[a12DµhαβD
µhαβ +
+ a13DµhD
µh+ a14(Dh)µ(Dh)
µ + a15(Dh)µD
µh + a16DµhαβD
αhβµ] (28)
As in the free case, we face an ambiguity because in a flat space not all these terms are
independent, namely up to total divergence we have (schematically):
(a1) = (a5) + (a9)− (a11)
(a2) = (a6) + (a14)− (a16)
so there exists a family of equivalent Lagrangians with two arbitrary parameters. In a
constant curvature space different choices lead to slightly different structure of mass-like h3
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terms and again we use this freedom to bring these terms to the most simple form. Then
the requirement that the Lagrangian will be gauge invariant (up to lower derivative terms
given below) gives:
a1 = a11 = 3/2, a2 = −3/2, a3 = −1, a4 = a15 = 1, a5 = 5/2, a6 = −5/2,
a7 = a10 = −2, a8 = 2, a9 = a12 = 1/2, a13 = a14 = a16 = −1/2
In this, in the non-flat space background we still have non-compensated variations to be
taken into account in the lower derivatives orders:
δ0Lhhh + δ1L0 = κ[(3d− 8)hαβDαhβµ − 2(2d− 5)hαβDµhαβ + 2(d− 3)hDµh−
− 2(d− 3)hµαDαh+ (3d− 8)hµα(Dh)α − 2(d− 3)h(Dh)µ]ξµ (29)
Till now all calculations are the same for massive as well as massless spin 2 particles.
Let us make here a comment on the so called gravity reconstruction, i.e. on possibility to
reconstruct full gravity theory starting from free massless spin 2 particle in flat or constant
curvature space background [53]. As usual, in all calculations of the type given above, all
the variations which are total divergence are dropped out and of course none of such terms
can be ”reconstructed” in such iterations. But nothing prevent of to add to the Lagrangian
any such terms to bring the result in a convenient form. As for the ambiguity which arise in
this iterative process and which is often related with ambiguity in the definition of energy-
momentum tensor for gravity or matter fields, we have seen that this ambiguity clearly related
with trivial field redefinitions and up to this freedom the results are essentially unique.
hAA-vertex. Here we start with the most general ansatz for ξµ transformations:
δAµ = c1DµAνξ
ν + c2DνAµξ
ν + c3(DA)ξµ +
+c4AνDµξ
ν + c5A
νDνξµ + c6Aµ(Dξ)
As in the previous case there exists a freedom connected with the possible redefinitions of
field Aµ and parameter ξµ:
δAµ = d1Dµ(Aξ) Aµ → Aµ + s1hµνAν + s2hAµ
so without lost of generality we can restrict ourselves to
δAµ = c1DµAνξ
ν + c2DνAµξ
ν + c3(DA)ξµ
Usually, then one considers an interaction of gravity with vector fields (abelian or non-
abelian) one assumes that gravitational field hµν is inert under the gauge transformations of
these fields. But now vector field Aµ is just a component of massive spin 2 field, so we have
to consider all the possible gauge transformations with λ parameter also. Most general form
looks like:
δhµν = c4D(µAν)λ+ c5gµν(DA)λ+ c6A(µDν)λ+ c7gµνA
αDαλ
δAµ = c8Dµhλ + c9(Dh)µλ+ c10hDµλ+ c11hµνD
νλ
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Once again using the freedom that exists here:
δhµν = d2D(µ(Aν)λ) δAµ = d3Dµ(hλ) hµν → hµν + s3AµAν + s4gµνAα2
we can reduce these transformations to the form:
δhµν = c5gµν(DA)λ
δAµ = c9(Dh)µλ+ c10hDµλ+ c11hµνD
νλ
Now we proceed by constructing the most general Lorentz invariant cubic terms with two
derivatives:
LhAA = hµν [a1DµAν(DA) + a2DµAαDνAα + a3DµAαDαAν + a4DαAµDαAν ] +
+h[a5D
αAβDαAβ + a6D
αAβDβAα + a7(DA)(DA)] +
+a8D
αhµνDαAµAν + a9(Dh)
µDµAαA
α + a10(Dh)
µDαAµA
α +
+a11(Dh)
µ(DA)Aµ + a12D
µhDµAαA
α + a13D
µh(DA)Aµ
Not all these terms are independent here. Indeed, it is easy to check that up to terms without
derivatives:
DαhµνDµAνAα = h
µνDαAνDµA
α − hµνDµAν(DA) + (Dh)µDαAµAα
DµhDνAµA
ν = h(DA)(DA)− hDαAβDαAβ +Dµh(DA)Aµ
DαhµνDµAαAν = (Dh)
µ(DA)Aµ + (Dh)
µDαAµA
α −DαhµνDµAνAα
Using this freedom and requiring that the Lagrangian will be gauge invariant we finally get:
LhAA = c2hµνAµαAνα − c2
4
hAµν
2 (30)
while the only non-trivial transformation is:
δAµ = c2ξ
νAνµ (31)
The result obtained is of course familiar and could seems trivial, but for what follows it
is very important that linear approximation does not fix the value of c2 coupling constant.
In the “normal” massless gravity one expects c2 = 2 but as we will see later on massive
theory is possible provided c2 = 1 so that Goldstone field Aµ must have non-canonical ξµ
transformations.
hhϕ-vertex. Now the most general ansatz for ξµ transformations has the form:
δhµν = c1(Dµϕξν +Dνϕξµ) + c2gµν(Dαϕξ
α) + c3ϕ(Dµξν +Dνξµ) + c4ϕgµν(Dξ)
δϕ = c5(Dh)µξ
µ + c6Dµhξ
µ + c7h
µνDµξν + c8h(Dξ)
and using one more time the freedom to make redefinitions:
δhµν = d1[Dµ(ϕξν)+Dν(ϕξµ)], hµν → hµν + s1ϕhµν + s2ϕgµνh, ϕ→ ϕ+ s3hµνhµν + s4h2
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one can leave c2, c5 and c6 as the only non-zero parameters. Then writing most general cubic
terms:
Lhhϕ = ϕ[a1DµhαβDµhαβ + a2DµhαβDαhβµ + a3(Dh)µ(Dh)µ + a4(Dh)µDµh +
+a5D
µhDµh] +D
µϕ[a6Dµhαβh
αβ + a7Dαhβµh
αβ + a8(Dh)
νhµν +
+a9D
νhhµν + a10Dµhh + a11(Dh)µh]
and using the fact that up to lower derivative terms we have:
(a2) = (a3)− (a7) + (a8)
one can check that there is no non-trivial solution for such vertex.
AAϕ-vertex. In this case one has to consider λ transformations only, so we write:
δAµ = c1ϕDµλ+ c2Dµϕλ δϕ = c3(DA)λ+ c4A
µDµλ
Possible field and parameter λ redefinitions
δAµ = d1Dµ(ϕλ), Aµ → Aµ + s1ϕAµ, ϕ→ ϕ+ s2Aµ2
allows one to leave c3 as the only non-zero parameter. Then considering the most general
cubic terms:
LϕAA = ϕ[a1DµAνDµAν + a2DµAνDνAµ + a3(DA)(DA)] +
+Dµϕ[a4DµAνA
ν + a5(DA)Aµ]
and taking into account that
ϕDµAνDνAµ = ϕ(DA)(DA) +D
µϕ(DA)Aµ −DµDνAµAν
we obtain the following simple Lagrangian
LϕAA = a0ϕAµν2 (32)
which is trivially gauge invariant.
hϕϕ-vertex. Here the only possible terms for ξµ transformations are:
δϕ = c3Dµϕξ
µ + c4ϕ(Dξ)
Moreover, using field redefinition
ϕ→ ϕ+ s1hϕ
we can leave c3 as the only non-zero parameter. Then the requirement that the Lagrangian
Lhϕϕ = a1hµνDµϕDνϕ+ a2hDµϕDµϕ+ a3(Dh)µDµϕϕ+ a4DµhDµϕϕ
will be gauge invariant gives:
a1 = −2c3(d− 1)
d− 2 . a2 =
c3(d− 1)
d− 2 , a3 = −a4
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In this, the arbitrary parameter a3 is related with one more field redefinition (which does
not change the structure of gauge transformations)
hµν → hµν + s2gµνϕ2
So without lost of generality we can set a3 = 0 and obtain:
Lhϕϕ = 2(d− 1)
d− 2 [−c3h
µνDµϕDνϕ+
c3
2
h(Dϕ)2]
δϕ = c3ξ
µDµϕ (33)
Again this result could seems trivial but it is important that coupling constant c3 is not fixed
yet.
ϕϕϕ-vertex. In this last and simplest case we have only one possible term in the La-
grangian, no non-trivial gauge transformations and one possible field redefinition:
Lϕ3 = a1ϕDµϕDµϕ, ϕ→ ϕ+ s1ϕ2
showing that this vertex is trivial one.
Let us collect together all the pieces obtained so far. Total Lagrangian with two deriva-
tives:
L0 = Lhhh + c2hµνAµαAνα − c2
4
hAµν
2 + a0ϕAµν
2 +
+
2(d− 1)
d− 2 [−c3h
µνDµϕDνϕ+
c3
2
h(Dϕ)2] (34)
while the only non-trivial gauge transformations look like:
δhµν = 2[ξ
αDαhµν +Dµξ
αhαν +Dνξ
αhαµ]
δAµ = c2ξ
νAνµ δϕ = c3ξ
µDµϕ (35)
Let us stress once again that parameters c2 and c3 are not fixed yet.
Now we proceed to the next order. Namely, we construct the most general cubic terms
with one derivative for the Lagrangian as well as the most general linear terms without
derivatives for gauge transformations laws. At this order there are no ambiguities related
with field redefinitions so all calculations are completely straightforward. The resulting part
of the Lagrangian has the form:
L1 = m[4hµν(Dh)µAν − h(Dh)µAµ + 2hµνDµhναAα −
−3hµνDµhAν − 3hµνDαhµνAα + hDµhAµ] +
+2c0b0h
µνAµDνϕ− c0b0h(ADϕ) + b0mAµDµϕϕ (36)
while additional terms to the gauge transformations are:
δhµν = m[Aµξν + Aνξµ − 4
d− 2gµν(Aξ) +
6− d
d− 2hµνλ]
δAµ = mhµνξ
ν + 2a0mϕξµ δϕ = −c0c3(Aξ)− mc3
2
ϕλ (37)
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Here b0 =
2c3(d−1)
d−2
, a0 =
m(d−4)
2c0(d−2)
, c2 = 1 and c3 = 1 − m
2(d−4)
2c02(d−2)
. As could easily be seen
from these formulas, in particular from the expressions for the a0 and c3 parameters, in
arbitrary space-time dimension d general solution exists for c0 6= 0 only. But in d = 4
dimensions there exists another solution with c0 = 0 then scalar field ϕ completely decouples
which corresponds to the self-interaction for partially massless gravity. This fact is clearly
connected with the conformal invariance of partially massless theories namely in d = 4
dimensions [37]. Now we proceed by considering general solution with c0 6= 0 in arbitrary
space-time dimension but we will comment on partially massless gravity at the end of this
section.
The last but not least part of our calculations deals with cubic terms without derivatives
in the Lagrangian. The most general form for these terms looks like:
L0 = b1hµνhναhαµ + b2hhµνhµν + b3h3 + b4ϕhµνhµν + b5ϕh2 +
+b6ϕ
2h+ b7ϕ
3 + b8h
µνAµAν + b9hAµ
2 + b10ϕAµ
2 (38)
There are no any new terms for the gauge transformations here, so the gauge invariance
must be achieved with the gauge transformations obtained at the previous orders. Indeed,
it turns out to be possible and gives:
b1 = m
2 +
(7d− 16)κ
6
, b2 = −5m
2
4
− (3d− 7)κ
2
, b3 =
m2
4
+
(2d− 5)κ
6
,
b4 = −2b5 = 2c0m(d− 1)
d− 2 −
(d− 4)m3
2c0(d− 2) , b6 =
(d2 + 5d− 6)m2
2(d− 2)2 −
(3d− 2)(d− 4)m4
4c02(d− 2)2
b7 = 2dc0
2(d2 − 11d+ 10) + d(d+ 2)(d− 4)m
5
6c03(d− 2)3
b8 = m
2 − 2(d− 1)κ, b9 = m
2
2
+ (d− 1)κ, b10 = −2c0(d− 1)m
d− 2 +
(d− 4)m3
c0(d− 2)
The dependence of these coefficients on the space-time dimension d and cosmological term
κ (recall that c0 =
√
m2 + (d− 2)κ) appears to be rather complicated so let us give explicit
expression for non-derivative terms in d = 4 (any way this dimension is special for us)
L0 = (m2 + 2κ)[hµνhναhαµ − 5
4
hhµνhµν +
1
4
h3]
+3c0mϕh
µνhµν − 3c0m
2
ϕh2 +
15m2
4
ϕ2h− 3m
3
c0
ϕ3 +
+(m2 − 6κ)hµνAµAν + m
2 + 6κ
2
hAµ
2 − 3c0mϕAµ2 (39)
A few comments are in order.
• One of the most important results of our investigation is that possibility to switch on
self-interaction in linear approximation crucially depends on the non-canonical form
of gauge transformations for vector Goldstone field Aµ (recall, that results of linear
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approximation are model independent up to restriction on the number of derivatives).
Gauge transformations we obtained:
δhµν = ∇µξν +∇νξµ + 2(ξα∇αhµν +Dµξαhαν +Dνξαhµα)
δAµ = mξµ + ξ
αAαµ +mhµνξ
ν
resembles very much the situation with massive spin 1 particles which we discussed in
section 1:
δAµ
a = ∂µξ
a − gεabcAµbξc δϕa = mξa − g
2
εabcϕbξc
So by analogy with spin 1 case one can suggest that there are two possible ways to
proceed beyond linear approximation. At first, if one evade an introduction of any
additional fields in the model, then this results in highly non-linear theory with higher
and higher derivatives. Indeed, we have explicitly checked that one can not construct
quadratic approximation without introduction of such higher derivatives terms. On
the other hand, one can try to introduce additional fields (analog of Higgs field) in
order to restrict the number of derivatives.
• Note that exactly as in the free case all the terms containing vector fields (except
kinetic ones) could be ”hidden” if one introduce λ-covariant derivatives:
∇µhαβ = Dµhαβ − 2m
d− 2Aµgαβ −
6− d
d− 2mAµhαβ
∇µϕ = Dµϕ− c0Aµ + mc3
2
Aµϕ (40)
• One can always use the ξµ and λ local gauge transformations to choose the gauge where
Aµ = 0 and ϕ = 0. In this, the main difference of massive and massless theories are
the cubic completion of famous Fierz-Pauli quadratic mass terms:
m2[hµνhναh
αµ − 5
4
hhµνhµν +
1
4
h3]
It is instructive to compare this result with that of [54] (see also [55]) obtained in a
very different context. The investigation of [54] shows that allowed cubic terms must
be combination of hµνhναh
α
µ−hhµνhµν and hµνhναhαµ− 32hhµνhµν + 12h3. It is easy to
see that our terms correspond to combination with coefficients 1
2
, so at this point our
results agree with that of [54].
• In the discussions of possible mass terms for gravity it is very often assumed that
the full theory could be the sum of usual massless gravity plus some invariant mass
terms, e.g. [17]. If we denote effective metric as gˆµν and assume that in the lowest
approximation
√−gˆ ≃ √−g + h and gˆµν ≃ gµν − 2hµν then we easily obtain:
− m
2
2
√
−gˆgˆµαgˆνβ(hµνhαβ − hµαhνβ) ≃ 2m2[hµνhναhαµ − 5
4
hhµνhµν +
1
4
h3] (41)
so the structure of cubic terms does not contradict (up to a factor 2) such assumption.
Nevertheless, let us stress that in the massive case the gauge transformations of tensor
hµν is changed so it is hard (if at all possible) to represent massive theory as a sum of
two parts which are separately gauge invariant.
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• In the massless limit massive spin 2 particle in (A)dSd decompose into massless spin
2 particle and massive spin 1 (or massless spin 1 and spin 0 in flat space). In this,
two gauge transformations ξµ and λ are completely independent and λ transformation
is just usual gauge transformation of abelian vector field. But then mass m 6= 0 the
commutator of ξµ and λ transformations gives:
[δ(λ), δ(ξ)]hµν = m[Dµ(ξνλ) +Dν(ξµλ)]
[δ(λ), δ(ξ)]Aµ = m
2ξµλ (42)
so if we denote a generator of ξµ transformation as Pµ and that of λ one as D, we get
commutation relation for Weyl group [Pµ, D] ∼ mPµ!
• As we have already mentioned, apart form general solution which exists in arbitrary
dimension d, in dS4 and only in this dimension there exist another solution with c0 =√
m2 + 2κ = 0 which corresponds to self interaction of partially massless spin 2 particle
in de Sitter background. In this, scalar field ϕ completely decouples, leaving us with
hµν and Aµ fields (note the absence of h
3 terms):
Lint = Lhhh + hµνAµαAνα − 1
4
hAµν
2 +
+m[4hµν(Dh)µAν − h(Dh)µAµ + 2hµνDµhναAα −
−3hµνDµhAν − 3hµνDαhµνAα + hDµhAµ] (43)
Using local ξµ gauge transformation one can always choose the gauge Aµ = 0. As in the
free case, the resulting Lagrangian will still be invariant under λ transformation pro-
vided we supplement it with the appropriate restoring gauge Aµ = 0 ξµ transformation.
Indeed, let us look at the form of these transformations when Aµ = 0:
δhµν = Dµξν +Dνξµ +mgµνλ+ 2(ξ
αDαhµν +Dµξ
αhαν +Dνξ
αhαµ) +mhµνλ
δAµ = Dµλ+mξµ +mhµνξ
ν (44)
Then it is easy to see that compensating gauge transformation has to be:
ξµ ≃ − 1
m
[Dµλ+ hµνD
νλ]
We have explicitly checked that the Lagrangian for the hµν field is indeed invariant
under such combined λ and ξµ transformations. In the Aµ = 0 gauge the Lagrangian
looks as the linearization of usual gravity in dS4 background but this holds in the
linear approximation only. We have checked that it is impossible to proceed with
quadratic approximation without introduction of higher derivative terms and/or some
other fields.
4 Interaction with matter
In this section we investigate possible interactions of massive spin 2 particles with matter
fields of lower spins. The strategy will be the same as in the previous section — we construct
the most general cubic terms with no more than two derivatives in the Lagrangians and
corresponding linear terms with no more than one derivative for gauge transformation laws
with the only requirement that the Lagrangian be gauge invariant.
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4.1 Spin 0
We start with the simplest case of massive spin 0 particles with the usual free Lagrangian:
L0 = 1
2
(∂µpi)
2 − m0
2
2
pi2 (45)
All calculations here are very simple and one can easily check that up to possible field
redefinitions an interacting Lagrangian has a form:
L1 = −c2
2
[hµν∂µpi∂νpi − 1
2
h(∂µpi)
2 +
m
c0
ϕ(∂µpi)
2]−
−c2m0
2
4
[h− 4m
c0
ϕ]pi2 (46)
while gauge transformations for pi field look like:
δpi = c2ξ
µ∂µpi
We see that vector field Aµ does not couple at all (because pi field is inert under λ trans-
formations), while coupling of scalar field ϕ clearly shows an ambiguity between flat space
and massless limits. Indeed, this coupling depends on m/c0 = m/
√
m2 + (d− 2)κ and we
have two different limits. On one hand, we can take a massless limit m → 0 while keeping
cosmological term κ small but non-zero. In this, scalar field ϕ completely decouples so that
massless limit of massive theory agrees with purely massless theory results. On the other
hand, if we take flat space limit κ → 0 while keeping non-zero mass m, then the coupling
constant for scalar field ϕ tends to 1 and does not depend on mass any more. As a result,
in the massless limit scalar field ϕ does not decouple from matter field pi.
4.2 Spin 1
Our next example — interaction with massive spin 1 particles. Due to our usage of gauge
invariant description this includes massless limit as well. Thus, we introduce two fields —
vector Bµ and Goldstone scalar pi and start with the free Lagrangian which has its own gauge
invariance:
L0 = −1
4
Bµν
2 +
1
2
(Dµpi)
2 −m1BµDµpi + m1
2
2
Bµ
2
δBµ = ∂µλ˜, δpi = m1λ˜ (47)
An investigation of possible hBB and hpipi vertexes with two derivatives goes exactly the
same way as that of hAA and hϕϕ vertexes in the previous section, so we will not repeat
these calculations here and write the corresponding part of Lagrangian:
L1 = c1
2
hµνBµαBνα − c1
8
hBµν
2 − c2
2
hµνDµpiDνpi +
c2
4
h(Dµpi)
2 +
+a0ϕ(Dµpi)
2 + a1ϕBµν
2 + a2piA
µνBµν (48)
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which is invariant under the following transformations:
δBµ = c1ξ
νBνµ, δpi = c2ξ
µDµpi (49)
Now we proceed by adding all possible lower derivatives terms to the Lagrangian and corre-
sponding terms to gauge transformations. This procedure results in:
L2 = m1c1[hµνBµDνpi − 1
2
h(BDpi) +
m
c0
ϕ(BDpi)]−
−m1
2c1
2
[hµνBµBν − 1
2
hBµ
2 +
m
c0
ϕBµ
2] (50)
with the only new term in gauge transformations:
δ′pi = −c1m1ξµBµ
In this, gauge invariance requires c1 = c2, a0 =
m
c0
, a1 =
c1m(d−4)
4c0(d−2)
, a2 = 0. Once again, our
results show an ambiguity betwen flat space and massless limits. Only for massless vector
field in d = 4 dimensions this ambiguity is absent.
4.3 Spin 1/2
Our last example — interaction with massive spin 1/2 particles (recall that we prefer to work
with Majorana spinors). As is well known, to describe spinor fields living in curved back-
ground one has to use first order formalism in terms of ”tetrad” eµ
a and Lorentz connection
so that γµ = eµaγ
a and
[Dµ, Dν]χ =
1
4
Rµν
abσabχ =
κ
2
σµνχ (51)
In this, to describe an interaction of spinor fields with our massive spin 2 particles it is also
convenient to use first order formulation of such particles [56] in terms of three pairs of fields:
(eµa, ωµ
ab), (Aµ, F
ab) and (ϕ, pia). We will not reproduce Lagrangian for such formulation
here (it could easily be found in [56]) because all we need here is the structure of gauge
transformations:
δhµa = Dµξa + ηµa +
m
2
eµaλ
δωµ
ab = Dµη
ab − c0
2
2
(eµ
aξb − eµbξa) (52)
δAµ = Dµλ+mξµ δϕ = c0λ
where apart from ξa and λ gauge transformations we have now one more transformation
with parameter ηab = −ηba. Again we start with the free Lagrangian for massive spinor χ:
L0 = i
2
χ¯γµDµχ− m1/2
2
χ¯χ (53)
and construct the most general cubic terms (this time with no more than one derivative)
compatible with all gauge symmetries. We obtain for interaction Lagrangian:
L1 = − i
2
χ¯hµνγµDνχ+
i
2
χ¯hγµDµχ− i
8
χ¯γµωµ
abσabχ−
−m1/2
2
(h− m
2c0
ϕ)χ¯χ (54)
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while for gauge transformations we get:
δχ = ξµDµχ− 1
4
(ση)χ− 3m
4
λχ (55)
In this case an ambiguity between flat space and massless limits exists for massive m1/2 6= 0
spinor field only, while the results for massless spinor agree with that of purely massless
gravity.
5 Interaction with gravity
There exist well known difficulties one faces in any attempt to construct interacting theory
for a collection of massless spin 2 particles [38, 39, 40, 41, 42]. For example, for the case of
just two massless spin 2 particles there are only two possibilities. One of them corresponds to
two copies of usual gravities completely independent of each other, while the other possibility
which does have interaction requires that one of these particles has wrong sign of kinetic
terms and be a ghost. Moreover, there are examples of theories of such kind, where one of
spin 2 particles is massive, coming from higher derivative gravity models e.g. [57]. Also, as
is well known, there are examples of consistent theories with infinite number of massive spin
2 particles in Kaluza-Klein models, but it could be shown [45, 48] that it does not contradict
with general results of [38, 39].
But all this still leaves a possibility to construct a consistent theory where one massless
spin 2 particle interacts with one or several massive spin 2 ones. In this section we investigate
the case of one massless and one massive particles. In this, there are two possible cubic ver-
texes (besides self-interaction). We have checked (though we will not present details of these
calculations here) that it is impossible to construct linear approximation with two massless
and one massive particles (once again up to the restriction on the number of derivatives).
As for the other case, i.e. interaction of massive spin 2 particles with usual gravity, it is not
hard to constract general covariant vertex with arbitrary number of massless fields but still
bi-linear in massive fields, as we are going to demonstrate.
First of all, let us note that in this section metric gµν is not just a fixed background any
more, but it is a dynamical field with its own equation of motion:
Rµν − 1
2
gµνR +
κ(d− 1)(d− 2)
2
gµν = 0 (56)
As usual in gravity, we will assume that connection is metric compatible Dαgµν = 0 and we
have usual identities:
DµRµν,αβ = DαRβν −DβRαν
DµRµν =
1
2
DνR
As in the case of massive particle living in constant curvature background, it is convenient
to organize the calculations by the number of derivatives. So we start with the sum of kinetic
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terms of our three fields hµν , Aµ and ϕ:
L2 = 1
2
DαhµνDαhµν −DαhµνDµhνα + (Dh)µDµh− 1
2
DµhDµh−
−1
2
(DµAν −DνAµ)2 + 2(d− 1)
(d− 2) D
µϕDµϕ (57)
and corresponding gauge transformations with one derivative:
δ1hµν = Dµξν +Dνξµ, δ1Aµ = Dµλ (58)
Covariant derivatives do not commute and, as a result, this Lagrangian is not invariant under
these gauge transformations. But gauge invariance could be restored (up to lower derivative
terms we will take into account later) if one adds to the Lagrangian:
∆L = −2Rµνhµαhνα +Rµνhµνh+ 1
2
Rhαβhαβ − 1
4
Rh2 (59)
and requires that metric gµν has non-trivial transformation
δ1gαβ = 2(Dµhαβ −Dαhβµ −Dβhαµ)ξµ (60)
Now we proceed with lower derivative terms. The part of the Lagrangian with one derivatives
turns out to be:
L1 = 2m[hµνDµAν − h(DA)]− 4(d− 1)c0
(d− 2) A
µDµϕ (61)
while corrections to gauge transformation look like:
δ0hµν =
2m
(d− 2)gµνλ, δ0Aµ = mξµ, δ0ϕ = c0λ (62)
Also this requires additional modification of gµν gauge transformations:
δ0gαβ = 2m[Aαξβ + Aβξα − 2
(d− 2)gαβ(Aξ)]−
2m(d− 4)
(d− 2) hαβλ (63)
At last, we must add possible terms without derivatives, the most general form being:
L0 = −b1
2
hµνhµν +
b2
2
h2 + b3hϕ+ b4ϕ
2 + b5Aµ
2 (64)
There are no any additional corrections to gauge transformations at this level, so the gauge
invariance must be achieved with the ones we already have. And indeed it turns out to be
possible giving:
b1 = m
2 + κ(d− 1)(d− 2), b2 = m2 + κ
2
(d− 1)(d− 2)
b3 = −2(d− 1)mc0
(d− 2) , b4 =
2m2d(d− 1)
(d− 2)2 , b5 = 2κ(d− 1)
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This time also there is a possibility greatly simplify all the expressions by introduction of
λ-covariant derivatives:
∇µhαβ = Dµhαβ − 2m
(d− 2)Aµgαβ, ∇µϕ = Dµϕ− c0Aµ (65)
In this, total Lagrangian could be rewritten in the form:
L = 1
2
∇αhµν∇αhµν −∇αhµν∇µhνα + (∇h)µ∇µh− 1
2
∇µh∇µh−
−1
2
(DµAν −DνAµ)2 + 2(d− 1)
(d− 2) ∇
µϕ∇µϕ−
−2Rµνhµαhνα +Rµνhµνh+ 1
2
Rhαβhαβ − 1
4
Rh2 −
−b1
2
hµνhµν +
b2
2
h2 + b3hϕ + b4ϕ
2 (66)
while gauge transformations for the metric field gµν look like:
δgαβ = 2(∇µhαβ −∇αhβµ −∇βhαµ)ξµ + 2m(d− 4)
(d− 2) [gαβ(Aξ)− hαβλ] (67)
Thus, in this approximation an interaction of massive spin 2 particles with gravity exists
in any space-time dimension d ≥ 3 (though from the last equation one can see that d = 4
case is also special here). In particular, nothing prevent us to consider the c0 → 0 limit,
i.e. interaction of partially massless spin 2 particle with gravity. But as in the case of
self-interaction, as we have explicitly checked, if one tries to proceed with terms quartic in
massive fields than one will find that higher derivatives interactions and/or some additional
fields are necessary. It is instructive to compare our results here with the investigations
of massive spin 2 particle in gravitational background [11, 12, 13]. In general, results are
similar, but the structure of Rhh terms is slightly differrent.
Conclusion
We hope that the main lesson from our paper is that constructive approach based on gauge
invariant description of massive high spin particles does allow one efficiently investigate
possible interactions of such particles. It is important that due to peculiarity of linear
approximation the results obtained for any particle are completely model independent and do
not depend on the presence of any other fields in the theory. In particular, an impossibility
to construct an interaction in linear approximation means that such interaction does not
exist at all. One of the examples of such “no-go” results is the absence of self-interaction for
partially massless spin 2 particles in d 6= 4 dimensions.
One of the striking and unexpected results is that the existence of self-interaction for
massive spin 2 particles crucially depends on non-canonical form of gauge transformations
for Goldstone Aµ field. By analogy with massive spin 1 case, one can assume that in full
interacting theory (if it exists at all) one must deal with non-linear realization of ξµ symmetry
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with higher and higher derivatives. We are not aware on any works on non-linear realization
of space-time symmetries where something similar appears.
In the investigation of the massive spin 2 particle interacting with matter (i.e. spin 0, 1,
and 1/2 particles) out results clearly show the ambiguity betwen flat space and massless limits
which reveals itself through the dependence of scalar Goldstone field ϕ coupling constant on
mass and cosmological constant. Let us stress once again that this results are also model
independent.
Throughout the paper we restrict ourselves with interaction terms with no more than two
derivatives in the Lagrangians (and correspondingly no more than one derivative in gauge
transformations). But many of our results clearly show that to construct full interacting the-
ory beyond linear approximations one unavoidably will have to introduce higher derivatives
interactions. But such higher derivatives interactions could, in principle, change the results
obtained here for linear approximation. This question deserves further study.
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